Electromagnetic Theory

Electromagnetic Theory notes by K. Sreeman Reddy.
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Mathematical Preliminaries

a; as as a b o
a-(bxc)=det b by b3| =det |az b c2| =det[a b c]
¢ e c3 az by c3

ax(bxc)=(a-c)b—(a-b)c
Vx(VxA)=V(V-A)—(V-V)A
a-[bxc|] = ¢ pa'bick
b xc]' =[bxcl; =eubc"

since a; = d;ja’ = a’ for the Cartesian metric §;; = diag(1,1,1). For a fixed |dr| the direction of gradient
will give the maximum increase.

df(z) = (Vf(z)) - dr
(Vf(w)) V= va(m)

1
V.F|. = lim — F-idS
Vo [V JSswy

L oaer .1
(VxF)(p)-n—£1%|A| CF dr

Curvilinear coordinates

S
3q1’ 2 — 8q2) 3 — 8q3

hy = |hy|; he = |hy|; hg = |hy|

h; =

v =v'h; = y;h’

Note: In slides prof only uses contravariant components (i.e only v*, h;, é; and h; are used) but v¢ is written as
V; .

B or
= 2

ds® =dr-dr =h; - hjdr'dr’ = g

h; h'=Vq¢ h'-h;=24

gij =hi -hj=g;i; g7 =h'-W =g"



u-v=u'vy =uv = g;uv’ = g’u;v,

Orthogonal coordinate system
hi-h; =0 if i#j
1

i h; i
h_gﬁh—a

hi(r) € /g (r)

e dot product is easier in orthogonal
. h ,
— = h;h!

e cross product
) J

x xy = (°y* — 2°y°) h?3e1 + (°y' — =

Elements
de = h;dq'é; = 5

= h;h.dq'dgq 'ek(no summation and i,j,k are different)

dV = |(h1dg*é1) - (ha dg®é3) x (h3 dg’é3))|
== h1 h2 h3 dql dq2 dq

Gradient
ht i
V = 7 n,
\Y
¢ Z hk 8q
e1 8¢ e2 a¢ 63 8¢
h3 36_1

Vo= 4 o hy O

Divergence
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voES I1; h; 04" ( hy Fk)

1 0 0 0
=V -F= N 8_(11(F1h2h3)+8_q2(F2h3h1)+8_(f”(F3hlh2)
Curl
€x 0
VXF = —* ¢ b (h:F;
Hjhj jk kc‘)ql(] ])
hié1 hoés hsés
1 0 0 0 é; 0 0
=V xF= = hsFy) — — (ho F:
8 hihsohs | 8¢ 882 8¢ |  hahs l3q2 (73 F) EYE (2 2)]
h1F1 h2F2 h3F3
é, 0 0 é; 0 0
— (h1F1) — — (hsF: — (ho F5) — —= (M F:
+h3h1 [0(13( 1F1) 6q1( 3 3)} +h1h2 laql( 2 Fy) 8q2( 1F1)
Laplacian

Vg L 0 (Hjhj‘%)
[1; h; 0" \ hj Oq*

vig— L la <h2h3 a¢)+ o (h3h1 a¢)+ 0 (h1h2 3(;5)]
B h1h2h3 0(]1 hl 3q1 3(]2 hz 3q2 (‘)q3 h3 3q3

Generating

A simple method for generating orthogonal coordinates systems in two dimensions is by a conformal mapping of
a standard two-dimensional grid of Cartesian coordinates (, y). A complex number z = x + iy can be formed
from the real coordinates x and y, where i represents the imaginary unit. Any holomorphic function w = f(z)
with non-zero complex derivative will produce a conformal mapping; if the resulting complex number is written

w = u + 1v, then the curves of constant u and v intersect at right angles, just as the original lines of constant x
and y did.

Orthogonal coordinates in three and higher dimensions can be generated from an orthogonal two-dimensional
coordinate system, either by projecting it into a new dimension (cylindrical coordinates) or by rotating the two-
dimensional system about one of its symmetry axes. However, there are other orthogonal coordinate systems in
three dimensions that cannot be obtained by projecting or rotating a two-dimensional system, such as the
ellipsoidal coordinates. More general orthogonal coordinates may be obtained by starting with some necessary
coordinate surfaces and considering their orthogonal trajectories.

Examples:

Table of orthogonal coordinates

Transformation from cartesian (x, y,

Curvillinear coordinates (q1, g2, q3) 2) Scale factors
Spherical polar coordinates x = rsinfcos ¢ hi=1
T T I e s
Cylindrical polar coordinates T = ?‘C'OS@F—’ hy=hy =1
(r,¢,2) € [0,00) x [0,27) x (—o0, 00) y=rsing hy=r

=2 =


https://en.wikipedia.org/wiki/Orthogonal_coordinates#Table_of_orthogonal_coordinates

Parabolic cylindrical coordinates

(u,v,2) € (—00,0) x [0,00) X (—00, 00)

Parabolic coordinates

(u,v,¢) € [0,00) x [0,00) x [0, 27)

Paraboloidal coordinates

(A 1,v) € 0,6%) x (b,a%) x (a*, 00)
b < a®

Ellipsoidal coordinates

(A msv) € [0,6%) x (&,8%) x (b, a®)
A< <b? <ad?,

A <p<b <d

A <b <v<ad,

Elliptic cylindrical coordinates

(U, 'U, z) E ’01 oo) x [01 2?1-) X (_OO, OO)
Prolate spheroidal coordinates

(&,m, @) € [0,00) x [0,] x [0,2m)
Oblate spheroidal coordinates

(ﬁa?}‘a ¢) € [0:00) X [_%11} X [0, 2‘JT)

2

Bipolar cylindrical coordinates

(u,v,2) € [0,27) x (—00,00) X (—00, 00)

Toroidal coordinates

(u,v, ¢) € (—m, 7| x [0,00) x [0, 27)

Bispherical coordinates

(u,v,¢) € (—m, @ x [0,00) x [0, 2m)

Conical coordinates
(A, 1y )

V< b < p?<a
A€ [0,00)

L oo 9
= —(u"—v
S (a? — o)
Y= uv
G=g
T = UVCos ¢
Yy = uvsin ¢

_ 1o o
2—2(u v®)
2
i
+ v =2z2+gq
g —a* g — b

where (q1,q2,q3) = (A, p, V)

2 2
x o oy’ z

b — g
where (QIJQZU Q'3) = ()ﬁ,'u;, V)

+
a® —qi

T = acoshucosv

y = asinh usinv

B= 5

x = asinh £sinncos ¢
y = asinh £singsin ¢
z =acosh{cosn

x = acoshécosncoso
y = acosh{cosnsing
z = asinh sinn

CZ—Q‘a'_

asinh v
r=——
coshv — cosu
asinu
y: B ——————
coshv — cosu
z=2z
asinh vcos ¢
r= —
coshv — cosu
asinhvsin ¢
y: e
coshv — cosu
asinu
=
coshv — cosu
asinucos ¢
r = —m———-»
coshv — cosu
asinusin ¢
y: D ——
coshv — cosu
asinh v
N —
coshv — cosu
Apy
r= —
ab
LA [ )
a (.12 _ bz
LA (p? — %) (V2 — %)
b b — a?

Del in cylindrical and spherical coordinates

hi = —

hi
h3

ha

hy
hs

hi

hs

ha

ha

:hg— u2+v2
= il
Zhg— u2—l—v2
= uv

1 (q;.»-—qﬂ(qk — q;)
2

= hy = aVsinh® u + sin® v
=1
= hy za\fsinh2§+sin2n
= asinh £sing
= hy = a4/sinh® & + sin®
= acosh&cosn
a

= h =

>~ coshv — cosu
= il
—hy = a

coshv — cosu
asinh v

coshv — cosu

a

coshv — cosu
asinu

coshv — cosu

=1
N (u? —v?)
(n* —a?)(0* — p?)
A (p? = 0?)

(a® —q)(1* — gi)(c® — i)
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Conversion between Cartesian, cylindrical, and spherical coordinates(']

From
Cartesian Cylindrical Spherical
r = pCcosy x = rsinfcos @
Cartesian N/A y = psing y = rsinfsin g
z=2z z=rcost
_ 2 2
P=yZT 1Y p = rsind
Cylindrical =, _ arctan(g) N/A =
T &L z=rcost
2 G=
r= \/ z’ +yf + 2
r=4/p* + 2
_ vt + v "
Spherical = 6 = arctan — 0 — arctan (;) N/A
=¥

@ = arctan (E)
&

Conversion between unit vectors in Cartesian, cylindrical, and spherical coordinate systems in terms of destination

coordinates(]

Cartesian Cylindrical
X = cosp — sin pe
Cartesian N/A y = sin pp + cos pP
Z=12
. X+ yy
p=—=
.-":.32 _|_y2
Cylindrical é = —yX + Ty N/A
vat +y?
Z=12
R TX + Yy + 22
= : . 0+ 2%
Vet +y? + 2 r:%
. (ex+yy)z— (= +°) 2 V‘?+f
Spherical 6 = NeETT W A z2p — pz
2+ + 222 4y - =
. R NI
. Tyx+zy A . P
p=——— p=¢

Spherical

X

sin @ cos T + cos 6 cos {pé — sin @@
¥ = sin#sin r + cosfsin (,Dé + cos

%z = cos Or — sin 00

p = sin OF + cos 00
p=¢
Z = cos fr — sin 06

N/A



Conversion between unit vectors in Cartesian, cylindrical, and spherical coordinate systems in terms of source coordinates

Cartesian Cylindrical Spherical
z (,/:c? + 321 -I—zﬂ) —yy/x? + 92 + 29
P % =
. zp—yP
= — Va2 +yiy/a? 2 + 22
v 2® + 12 ( 2 T 0 7] 7 o
- - . Vo + r+z)+m s+ Yyt +z
Cartesian N/A . yp + xp § Y 4 y ©
= e =
NCEST Ve + et P+ 2
Z=1 . 2t —4/z2 1+ %0
Zi=--
Vit + 22
. pr + 20
- Sl et = 7. .2
P — cos X + sin py Vet z
Cylindrical | ¢ = — sin X + cos Yy N/A =
Z=1Z . zf — p@
z =
pz + 22
T = sinf (cos px + sin py) + cos Bz | = sindp + cos Hz
Spherical | 6 = cos 6 (cos X + sinpy) —sinfz | 6 = cosfp — sin bz N/A
(p = — sin X + cos Yy p=¢
Table with the del operator in cartesian, cylindrical and spherical coordinates
o ti Cartesi T Cvlindrical dinate Spherical coordinates (7, &, @),
peration BT ES R Pl G =R () where @ is the polar angle and @ is the azimuthal angle®
Vector field . N . h o o o
°°‘K e A K+ A+ A Ap+ A,p+ Ad A+ Agb + A
of . of. aOf. af 1 0f of . f 10f A 1 af .
Gradient V/7 S e Rt g+ ] =
radient U/ 2z Ty T et 2Pt 29,91 5" ar' 7900 rsnf dp
Divergence 84, 04, 94, 18(pA,) 104, 8A, a(r'4,) 1 A &) + 1 04,
V- Alll oz By 0z p  Op p Oy 0z ¥ or rsmﬁ'ﬁ( o) rsinf dp
DA, BA,, 10A, 3A¢ . 1 a8 A 3A9
= -— —— | = (A, sinf) —
Ay 3 p Oy 8z rsind \ 96
A, OA. 84, 84, 1 1 8A,
Curl ¥ x Al 1 A,)
e (az BFE) +(3z ap )‘P +T‘(siu6 B )
94, o4 9 (pA a4, 1(8
(%) a2, T
Oz Ay p ap 350 T\ Or
:a:rI:tc:r &f &f &f 13(3f) 1 8°f  &f 1 a(gaf)+ 1 ( ‘9af)+ o
—t—=+ — —— == ——+— ——| = sinf— —
L= 022 o | 02 vop \op) T a2 a2 2o\ ar) smooa\"" a0 ) " ragim’ g 0
V2= Af
) A, 2 84, | (VzAr 24, 2 O(4simd) 2 BA,F)E
(V Ap=cp= 77) 14 r? 72 sin @ a0 r?sinf de
Vector A A 2 94, 2cosh OA
Laplacian VA, %+ VIA,§ + VA2 ) A, 204, s (wra, - L8 20 2C088 T g
V2A = AAL2 Rl A 7 a r2sin?@ 1?2 00 r2sin?@ Op
P+V902A» +(V2A N A, 2 9A, 2 cosf %)-
= 7 r2sin?0  r2sinf Oy r2sin’ Op
(A 9B, =] A, 0B, 0B, A,B, ) . ( 8B, = Ay 0B, A, 8B, AyBy+A,B, )A
. . r v 5 - T
e ? ap o Op az o )F or r 80  rsinf dp r
JB, A, 0B 9B A, B, A A B, cotfy .
derivative®®®l | A - VB, X+ A-VB,j+A-VB.i +(Ap_*’ Lo 4,2 Lo P)‘;, (A %4.&@ e 9By | ABr &)9
(A-T)B dp p sz 9z p ar a rsin@ de T r
0B. A, 0B. , 0B.\. L 0B 4 0B, A, 0B, AB.  ABycotd)
+( 7 ap +T O Z_z)z +( T or +T a6 rsinf d¢ r w @ )
. Ty, 2_ aT, oT, oT., 7 1 8Ty, t 6 1 Ty 1 "
Tensor V- T (3Tm e T )i { o 100 ° l( . va)]ﬁ [—BT" S o ATl ST, 2 (Tw +Tw)]"
(not to be dx Ay 9z ap p Oy 0z P or r r 08 rsin@ d¢ T
confused T,y 0T, T, Ty, 10T, 0T, 1 Ty Ty 10Ty coth 1 9Ty Ty  cotd -
” )y - (T + T | e} = — = - T,.|0
with 2nd +( oz + dy 0z )y [ p p O Bz * p( wt W)]:P +{ or * r r o0 oh rsing Oy + T @ W]
order tensor N (B’Tm oT,.  oT.. ) R T, 10T, oT., Tp). [BTM 2Tno 10T, 1 Ty T CQW(T T )]
divergence} bz Ay Bz ap p Bp 0z P “ ar r r 80 rsing dp r b T Lvb
Differential
displacement dex +dyy +dzz dpp+pdep +dzz dri +rd0d+rsinddep
ditl
Differential dydz% pdpdzp r?sinfdfdp +
normal area +drdzy +dpdzg@ + rsinBdrde @
ds +dzdyi +pdpdpz +rdrdf@
Differential a o
volume @] dedydz pdpdpdz r? sin O dr df dy

Note: In 2D polar formulas are similar to 3.D cylindrical not 3D polar.

Divergence theorem



Suppose V is a subset of R™ which is compact and has a piecewise smooth boundary S or OV . If F'is a

continuously differentiable vector field defined on a neighbourhood of V/, then

//V(V-F) dV =(F - 4)dS

/ / / total of the sources in the volume =total flow across the boundary dS
1%

Stokes' theorem

//E(VXA)-da: 82A-cu.

e the RHS is invariant under the change of surface as long as the boundary is same

Dirac delta

Wrongly if you apply divergence theorem for the below equation you get that the divergence is 0.

&' (z)
zd' (z)
28 (x)
x25"(m) =
Introduction
Name Integral equations
] 1
Gauss's E-dS:—///pdV
law €0 JJJa
Gauss's
law for B-dS=0
magnetism

Faraday's d
law of ]{ E-dfz——//B-dS
induction % dt b

(1)

Differential equations

V.-E="

€0

V.-B=0
oB
VxE=-22
8 ot


https://en.wikipedia.org/wiki/Integral
https://en.wikipedia.org/wiki/Partial_differential_equation
https://en.wikipedia.org/wiki/Gauss%27s_law
https://en.wikipedia.org/wiki/Gauss%27s_law_for_magnetism
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Name Integral equations Differential equations

Ampére's d OF
circuital f{B°d£=,uo(//J-dS+€od—//E-dS> VxB:,uo(J+€0_)
Jaw 5> ) tJJ)s ot

Note: In 2D electromagnetism is very different from 3D. In 2D F},, = 0, A, — 0, A, and there are 3
independent components. 2 of them will be time-space and make a 2D electric field vector. The remaining
component is space-space and is pseudo-scalar magnetic field. Remember that cross product will give pseudo-
vector only in 3D. In n dimensions to get a unique vector perpendicular to the given vectors we needn — 1
vectors.

« In this course when the say 2D electromagnetism that means neglect the z direction but still in 3.D.

Laplace’s Equation

VWV =0 or AV =0,

« for a general charge distribution V' can be calculated more easily that E.

¢ even when the charge distribution is not known it is easier to work with potentials by confining our attention
to places where there is no charge.

¢ electrostatics is the study of Laplace’s equation

e the more general version Vzgo S is called Poisson's equation.
€

we cannot write down a “general closed form solution” for Laplace’s Equation in more than 1D

The mean value theorem

1
Vi(r)= 41 R? ipherical surface vas

e immediately it follows that the average value in the entire spherical volume is also same since each layer of
spherical surface has same value.

 Proof: Using divergence theorem we can show that the surface integral will be independent of R

/ 6-(§V)dr:/ VV -dS
vol surface

)
0 = R? (— / V(r,8,¢) sin@d@dqb)
(97" surface

R

T for volume because V is used for potential.

Earnshaw's theorem states that a collection of point charges cannot be maintained in a stable stationary
equilibrium configuration solely by the electrostatic interaction of the charges.

¢ saddle points are possible

¢ maxima and minima are not possible

First uniqueness theorem: The solution to Laplace’s equation in some volume V is uniquely determined if V' is
specified on the boundary surface S.


https://en.wikipedia.org/wiki/Integral
https://en.wikipedia.org/wiki/Partial_differential_equation
https://en.wikipedia.org/wiki/Amp%C3%A8re%27s_circuital_law

¢ Dirichlet boundary conditions specify the value of the potential at each surface point.

Second uniqueness theorem: In a volume V surrounded by conductors and containing a specified charge
density p, the electric field is uniquely determined if the total charge on each conductor is given. The region as a
whole can be bounded by another conductor, or else unbounded.

¢« Neumann boundary conditions specify the value of the normal component of the gradient of the potential
at each surface point.

Mixed boundary conditions: At some points V" and at other points i - V'V is given. Here also unique.

e giving both V and 11 - V'V makes it over determined.
Poisson 2D formula

For 2D if we give the values of V' on a circle then the entire potential function will be fixed.

10 ov 1 02V
2 = —— —_— —_—— =
vv_r8r<rﬁr>+r2892 0
Try V = R(r)e™
2
7*2@—1—7'@—7712}2:0

dr? dr
Form #0R = ArT™ andform = 0 R = Ay + By Inr. The general solution will be
00 Bm .
V(r,@) = (AO —+ BO 1117") + Z (Am'r-|m| + —) elme

,r.|m\
m=—00,70

Of course for inside the circle neglect the % and By In r terms and for outside the circle neglect the
Amr|m| and By Inr terms. For 7 < 1 we get

1 2 1—7"2
V(r,0) = g/o daf(a) <1_2rcos(9—a)+"‘2)

Polar coordinates

In 2D the most general solution in polar coordinates is

o(p, @) = (Ao + Bolnp) (Co + Do) + Z [Aapa + Bap_a} [Cy sinag + D cos ag) .

a=1

Cylindrical coordinates

Conformal mapping

« applies only to two-dimensional potentials. These are systems in which V' depends only on  and y, for
example, all conducting boundaries being cylinders with elements running parallel to z.

Significance of the cylindrical co-ordinate
Off-axis expansion (electrostatic lensing)
Bessel functions



Green's function

L G(r,r') = —§(r — 1')

we generally take L = V2.

e Green's function is not unique.

1D and 2D
1 1
Gip = —glr —r'| = —Z|e — 2
1
G2D = —% 11'1|1'— I',‘

oo 1 ( 1
7 4r e — 1]

check the dimensions. For 2D dimensions cannot be correct unless we add the constant % In d. Here we
can't uniquely decide the constant because for 2D case at oo the G can never be 0.

F,,, is antisymmetric. In 1D + litonly has E.In 2D + lithas E,, E,, B. B being a pseudo scalar. In
3D +lithas E,, £, E,, B,, B, B, with B being a pseudo vector. In 2D Lorentz force ( (f
-

= qFO‘ﬂUg
)becomes F = qE + Bqv X k where k is an imaginary direction.

Conservation laws

OUem
) E —
ot +V-S+1J 0
OPem oS
-V E+JxB=0<« — -V f=0
5 o+ pk+ € Mo 5 o+
EE+1BB 1<E2+1B2)6
oij =& EiEj + —BiBj — 5 | € — ij
! 7 o 72 o !
4 (0B +1B?) 1s. 1s, 1is,]|
TH %SX —Oxx —Oxy —Oxg
%Sy “Oyx ~—Oyy ~ Oy
% Sz —Ozx —Ogy — Oy
1
S=—ExB=ExH
Ho

The Poynting vector S has dimensions of (energy/volume) x velocity. This invites us to interpret S as an energy
current density by analogy with the usual charge current density.

Energy
The flux of electromagnetic energy density is

LBZ
240

€
Uem = EOE2 +



Us = /d3r Cpry L op
2 2/1,0

Momentum

The electromagnetic momentum density is

S
Pem = ) = €0E x B
&
Angular momentum

Lemzeo/d3rrx(ExB)

Abraham—Minkowski controversy (in medium)

Moving charges and radiation

Retarded potential

If we take the Lorenz gauge condition: V - A + Elg' 9 — 0 then

1 't
o(r,t plr', tr) d3r’
ey J |r— 1/
J(r',t
Ar ) = Lo [ A0 g
A7 | |r—1'|
r — 1|
t,=t—
c
Jefimenko's equations
0A
UsingE:—Vgo—E, B =V x A we get
1 r—r r—r 109p(r',t,) 1 10J(r,t,)
Er,t)= — [ |25 o0, t,) + 2Ot RN gy
(x,2) 4#50/{|r—r’|3p(r ) r—r'2¢c Ot r—r'| 2 Ot

_p! o] /
B(r,it)z—}u—o/{—r r3 x I(r'st,) + —— xlaJ(r’tr)}dV’

A7 r — /| r—r']2 ¢ Ot
Point charge

Liénard—Wiechert potential

For a charge with trajectory given by r(t')

p(r',t) = q53(r' —rs(t))


https://en.wikipedia.org/wiki/Abraham%E2%80%93Minkowski_controversy
https://en.wikipedia.org/wiki/Retarded_potential
https://en.wikipedia.org/wiki/Jefimenko%27s_equations
https://en.wikipedia.org/wiki/Li%C3%A9nard%E2%80%93Wiechert_potential

J(x',t") = qv,(t)83(x' —ry(t))
we get

1 q
(p(l’,t) - 47e ((1 — g 'Bs)'r - r3’>tr

A(r,t) = B ( 9B, )t _ Bi(tr)

4 \(1—-n,-B,)|r—1xs| ), ¢ o(r,)

The symbol (- - - );, means that the quantities inside the parenthesis should be evaluated at the retarded time
1
tr=t— —[r —xy(t;)].

E(I‘,t) = 1 < Q(ns _ ’85) + qng X ((ns - :35) X ﬂs))

Treo \ 70— m, Bl P | ol—ms Bl s
Mo qc(ﬂs X ns) gqng X (ns X ((ns - :Hs) X :33)) B ns(tr)
B(r,) = A v2(1 —n, - B,)%r —r,|? + (1—-n,-B,)%r —r ¢ x E(r,1)

here B, (t) = & n,(t) = \:igg\

_ 1
and y(t) = V1-18, ()]
Larmor formula

P=

247 ()2 - (8 x 3.

_ B)x B>  ¢?a®  sin’6
dQ  4mc (1—-n-p)° 473 (1 — Beosh)s

P—2 qz o 2_2q2a2 B q2a2
" 3d4mege \¢)  3dmep®  6megc

5 (ST units)

Radiation reaction (Abraham-Lorentz force)

¢ the electromagnetic force which a radiating system exerts on itself

2 2 2
b 2
Frad 0qd . q . q

= a=-= a
67c 6mepcd 3 Amepcd

Appendix

Maxwell's equations


https://en.wikipedia.org/wiki/Abraham%E2%80%93Lorentz_force

Name Integral equations Differential equations

Gauss's law # dS—_fffpdV V.Ezsﬁ
0

Gauss's law for magnetism # B-dS=0 V:-B=0
a0
Maxwell-Faraday equation
}{E-d!;:—iffB-dS vxg_ B
(Faraday's law of induction) dt J /5 ot

Ampére's circuital law (with B d 5B
Maxwell's addition) faEB A€ = po ([/; J-dS + e f/ E. dS) V x B = pp (J +e0 5, )

Integral equations (Sl convention) | Differential equations (Sl convention) Differential equations (Gaussian convention)

Name
Gauss's law # D-dS:fffpde V-D=p VD = 4np
a0 1]
Gauss's law for magnetism # B-dS=0 V-B=0 V-B=0
a0
Maxwell-Faraday equation E.df — _d [f B.ds _ 6B _ 18B
(Faraday's law of induction) j{az a s VxE= pY VxE—= T
H-df =
Ampére's circuital law (with o5 _ oD 1 D
Maxwell's addition) f[,] -dS—f—i/ D.dS VxH=J+ Bt VxH-= ; (411'-][+ (‘?t)
5 dt JJs
Magnetic dipole
m=IAn
0o ImXr oImXr
A(r) = -2 . _ K .
4dmr r AT r
o [3r(m-r) m
Br)=VXA=—|—————]|.
(r) 4 rd r3
F=V(m-B)
N =m x B,
Electric dipole
U=-p-E, T=pxE

p(r) = [ o) (¢ —x) '

1 ¢d-R d3 1 p-R
d)(R) N 471'60 R? O(ﬁ) 471'60 Rz’

Q




3(p-f{>f{—p

B (R) - 47T€0R3
F=-VU=-V(§-E)=(5-V)E.
Lorentz boost
[ vy _7vm/c ) _7vy/c _'7'02:/6 |
v Umv Ua:vz
/e 1+ (y=1)-% (=15 (-1
B(V) = Uy Uy ’02 Uy U, )
—yw/e (v=D)—5 1+(-15 (v—13
2
V, Vg V. U,
—yu.fe (v —1)=5 -1 1+(v-1)=
L v v v

Holomorphic or complex analytic examples

All polynomial functions in z with complex coefficients are entire functions (holomorphic in the whole complex

plane C), and so are the exponential function exp z and the trigonometric functions cos
1 1

1 (exp(iz) + exp(—iz)) and sin z = —$i( exp(iz) — exp(—iz)) (cf. Euler's formula). The

principal branch of the complex logarithm function log z is holomorphic on the domain C\{z € R: z<0}. The

COS z =

square root function can be defined as \/E = exp (% log z) and is therefore holomorphic wherever the
logarithm log z is. The reciprocal function 1/z is holomorphic on C\ {0}. (The reciprocal function, and any other
rational function, is meromorphic on C.)

As a consequence of the Cauchy—Riemann equations, any real-valued holomorphic function must be constant.
Therefore, the absolute value |z|, the argument arg(z), the real part Re(z) and the imaginary part Im(z) are not
holomorphic. Another typical example of a continuous function which is not holomorphic is the complex
conjugate Z. (The complex conjugate is antiholomorphic.)
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